
   

20 

 

ARISTARCHUS’ LUNAR DICHOTOMY AS AN ACTUAL MEASUREMENT 

 

GÁBOR KUTROVÁTZ 

 

Department of Philosophy and History of Science 

Budapest University of Technology and Economics 

e-mail: kutrovatz.gabor@gtk.bme.hu 

 

ABSTRACT 

 

This paper attempts to interpret Aristarchus‘ method of lunar dichotomy as an actual measurement, as opposed to 

the dominant interpretation according to which it was meant as a mathematical exercise. While the tension 

between the ingenuity of the basic idea and the crudeness of Aristarchus‘ result is usually acknowledged in the 

literature, the reasons for this contrast are rarely examined in detail. After a systematic exploration of the possible 

difficulties the measurement is bound to face, we conclude that (i) the application of the method in its target 

range is utterly wrong, and (ii) the practical difficulties inherent in both identifying the appropriate time and 

performing the angle measurement are insurmountable. Nevertheless, (iii) almost all accounts offered by general 

works on the history of astronomy or in more specialized pieces of literature fail to identify the basic problems 

and, therefore, (iv) most assessments and interpretations are misguided. 

 

 

Dedication 

 

I started my doctoral studies in 1999 under the supervision of Márta Fehér, at the PhD school then 

directed by her. My initial research topic was Kepler's astronomy, which she enthusiastically 

supported. Unfortunately, soon I got distracted and ‗seduced‘ by another topic, the Science Wars 

and their epistemological implications. Despite Márta‘s definitive lack of support for this second 

choice, I wrote my dissertation on the latter subject, with her reluctant approval. In hindsight, I 

wish I were not that headstrong and followed her advice. Now that I have fallen in love with the 

history of astronomy again, I come to realize that some of the secondary literature she handed me 

are still among the most useful resources that profoundly shaped my views. While my general 

understanding of the history, philosophy, and the social studies of science is mostly based on all 

that I learnt from her, I will never be able to make up for the specific support she could have given 
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me with respect to actual research on the history of science. I dedicate this historical paper to her 

memory. 

 

 

Introduction 

 

The lunar dichotomy of Aristarchus, described in Proposition 7 of his only extant work On the 

sizes and distances [of the Sun and the Moon],
1
 is one of the most widely discussed astronomical 

measurements of antiquity. In principle, the measurement can be summarized as follows: When the 

Moon looks exactly halved for an observer on Earth, the lines drawn from the centre of the Moon 

to the centres of the Earth and that of the Sun subtend a right angle (see Figure 1). If our Earth-

based observer measures the angle subtended by the directions of the Sun and the Moon (; in 

other words, the elongation of the Moon), the ratio of the distances to the Sun (DS) and to the 

Moon (DM) is given as DS/DM = 1/cos() = sec(). 

                                                 

1
 Πεξὶ κεγεζῶλ θαὶ ἀπνζηεκάησλ [ἡιίνπ θαὶ ζειήλεο]. In this paper, instead of using the title we refer to this work 

simply as the ‗treatise‘. We rely on the edition by Heath (1913), in which the Greek text and the English translation are 

given side by side on pp. 351-411. Proposition 7 is found on pp. 376-381. In addition to Heath‘s summary of 

Aristarchus and the treatise (loc. cit. 299-350), for the author see e.g. Mickelson (2007); for a survey of both the 

sources and historians‘ treatment of Aristarchus‘ heliocentrism, see Wal (1975); for a close analysis of the treatise, see 

Berggren and Sidoli (2007). 



   

22 

 

  

Figure 1. The geometrical configuration of the lunar dichotomy. When the Moon looks 

half illuminated from Earth, the Sun-Moon-Earth angle is a right angle. Therefore, DS/DM 

= 1/cos() = sec(), where  is the elongation of the Moon, while DS and DM are the 

distances to the Sun and to the Moon from the Earth respectively. 

 

This simple but insightful idea, together with the subsequent propositions including other 

measurements as well, is usually described in elevated terms in the literature. Thus, Berry (1898: 

34) calls it ―an extremely ingenious method‖. Similarly, Doig (1950: 32) claims that ―the method 

is […] a most ingenious one and a great credit to its inventor‖. Kuhn (1957: 42) also uses the 

phrase ―ingenious and influential measurements‖. Koestler (1959: 49) calls the method ―elegant‖, 

and praises Aristarchus‘ ―originality of thought and meticulousness in observation‖ as his ―basic 

gifts‖ shared with modern scientists. According to Pannekoek (1961: 119-120), ―[i]n a certain 

sense it might be called the opening-up of scientific astronomy‖, as the method ―testified to great 

ingenuity and profound thinking‖. Van Helden (1985: 6) credits Aristarchus for his ―brilliantly 

imaginative geometric procedures‖ – and the list could continue ad nauseam.  

However, there is a stubborn problem that qualifies these appraisals: the numerical result that 

Aristarchus got was pretty wrong. He measured 87° where he should have got 89° 51‘ and, 

accordingly, he gave the ratio DS/DM as more than 18 but less than 20, while the real value is 

around 400. So his main result was in error by a factor of about 20.  
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So how can a measurement be so brilliant and so bad at the same time? Historical recollection 

often tries to deal with this tension by distinguishing between the process and the product, i.e. 

between the successful geometrical idea and the corresponding demonstrations and calculations on 

the one hand, and its flawed application to astronomical practice on the other.
2
 Asymmetrical 

evaluation goes hand in hand with a strongly unbalanced attention paid with regards to the 

observational aspects versus the mathematical demonstration.
3
 Of course, this is completely 

justified for an obvious reason: while Aristarchus‘ treatise contains a deductive series of 

geometrical propositions accompanied by rigorous proofs, there is nothing equivalent to a 

description of instrumental or observational methodology and procedure. The data (such as the 87° 

in question) are offered at the beginning of the work as hypotheses, a kind of basic assumptions 

similar to axioms and definitions in the sense that no explanation or warrant is given for them.
4
 

The lack of non-mathematical parts in the treatise, coupled with its seriously mistaken 

astronomical results, lead to a dominant trend in the literature that downplays the role of 

observation and interprets lunar dichotomy as a more or less purely mathematical exercise. A 

possible source of this position is Paul Tannery (1883: 241): the ―treatise was mainly intended to 

                                                 

2
 E.g. Kuhn (1957: 277) claims that ―[t]he methods employed in these computations are brilliant, typifying the very 

best efforts of Greek scientists, but the numerical results (…) are uniformly inaccurate‖. According to Boyer (1968: 

177), ―the method used by Aristarchus was unimpeachable, the result being vitiated only by the error of observation‖. 

Linton (2004:, 42) claims that ―Aristarchus‘ geometry based on the bisected Moon is flawless, but the inaccuracies in 

his observations mean that his results are not‖. Kragh (2007: 25) states that ―[h]is method was clever and correct, but 

his results wrong‖, because of the ―errors in his two basic data values‖. 

3
 E.g. Pannekoek (1961: 497) devotes an Appendix to Aristarchus‘ dichotomy, but discusses the mathematical 

―derivation‖ only, without addressing the observational aspect of the measurement. Linton (2004: 40-44) gives a 

detailed summary of the mathematical demonstration, with hardly mentioning the difficulties of obtaining the data. 

Even Heath (1913: 328-336), when summarizing the contents of the treatise, offers a reconstruction of the 

mathematics, while he refers his readers (p. 332) to a citation from Tannery (1883: 243-244) with regards to the 

practical difficulties. 

4
 As Pannekoek (1961: 119) claims, this ―procedure is entirely opposite to that of modern science, in which all 

attention and the largest amount of space is spent on the method, the procurement, the discussion and the 

communication of the empirical data‖. The first three of the six hypotheses (Heath 1913: 352-353) are qualitative 

assumptions, while the second three are quantitative. On these assumptions, see Berggren and Sidoli (2007). Carman 

(2014) also examines two of the three numerical assumptions in the treatise but, unfortunately for us, the two chosen 

are not the one we deal with (the lunar elongation). 
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give a specimen of calculations which require to be made on the basis of more exact experimental 

observations, and to show at the same time that, for the solution of the problem, one of the data 

could be chosen almost arbitrarily‖ (as translated by Heath 1913: 311-312), in order to avoid 

certain empirical objections. A similar but more radical view is expressed by Pannekoek (1961: 

120): ―These Greek scholars were mathematicians rather than astronomers; the celestial bodies just 

happened to be the objects of their geometrical propositions. Hence the astronomical quantities 

were treated somewhat superficially, their precise value did not matter; ingenuity was exhibited in 

the solution of the geometrical problem.‖ Neugebauer‘s (1945: 643) influential view is basically 

the same: ―I think this analysis leads to the conclusion that Aristarchus‘ treatise on the sizes and 

distances is a purely mathematical exercise which has as little to do with practical astronomy as 

Archimedes‘ "Sandreckoner"[…] The numerical data […] are nothing but arithmetically 

convenient parameters, chosen without consideration for observational facts which would 

inevitably lead to unhandy numerical details.‖
5
 

This paper defies this wide consensus and examines the method of lunar dichotomy in practice, as 

an actual astronomical measurement. Since the body of possible historical evidence is next to non-

existent in our case, the best we can do is offer a reconstruction of how the measurement could 

have been performed in the 3
rd

 century BC, and what possible difficulties its historical performers, 

even if ideally informed and skilled, were bound to face. As our reconstruction often relies on 

modern hindsight, and as we are assuming the best conceivable potentials for the method given the 

technical and theoretical resources of the era, our analysis below may occasionally be conceptually 

anachronistic. Nevertheless, we believe it is relevant in the following ways: 

(1) To our knowledge, no work so far has attempted to review the practical side of this method 

                                                 

5
 Neugebauer generally believes that this era ―shows a lack of interest in empirical numerical data in contrast to the 

emphasis on the purely mathematical structure‖ (op. cit. 271). Berggren and Sidoli (2007: 231) cite Neugebauer and 

accept his assessment of Aristarchus‘ general approach: he and Archimedes of the Sandreckoner ―are committed to 

mathematical precision before astronomical accuracy‖, as opposed to Hipparchus and Ptolemy who rely on ―careful 

observation‖ for the sake of ―practical concerns‖. A similar approach is adopted by North (2008: 89-90): ―the 

ambitions of Aristarchus […] were more appropriate to pure geometry than to observational astronomy. […] 

Aristarchus‘s treatise belongs to a geometrical tradition which looks to the real world for its examples.‖ Or as Hoag 

(1989: 885) concludes, ―Aristarchos was a theoretician who solved a realistic hypothetical problem‖. 
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with a comprehensive intent, as we do.
6
 

(2) While there are some pieces of literature that do a good deal of justice to the measurement, 

most accounts, when mentioning the practical issues at all, are mistaken in explaining why the 

measurement is wrong. We will give specific references in footnotes. 

(3) In agreement with many accounts, but even more emphatically, we also deem that the 

measurement is doomed to fail. We will point out that Aristarchus could not have achieved a better 

result, even if he meant to be as practical and accurate as possible. 

(4) We conclude that we cannot exclude the possibility that Aristarchus meant his results as the 

outcome of honest measurement, as opposed to a pure mathematical exercise, and therefore, as a 

realistic representation of the geometric structure of the cosmos. 

Below, we first address the fundamental theoretical problem inherent in the basic principle of the 

method. Then we explore the practical difficulties of the measurement, both the complexities of 

finding when the Moon looks half and the problems with measuring the angular separation of the 

two luminaries. Finally we consider the limitations of the method. During our analysis it will also 

be noted if some of the relevant secondary sources mention that particular aspect.  

 

 

The basic principle of the measurement 

 

Let us first recall what Aristarchus got, and what he ‗should have‘ got, as the results of observation 

and calculation. As we already noted, from the 87° given by the observation of the elongation
7
, he 

                                                 

6
 A part of the corpus we work with consists of both popular comprehensive books on the history of astronomy and 

mathematics or their relevant portions, and more technical books and papers with a special attention to Aristarchus‘ 

measurements. The cited body of literature is not meant to be exhaustive, which would be practically impossible with 

such a popular topic, but we are convinced that the selected sample is representative in some qualitative respects. 

7
 As the division of the circle into 360 angular units was not yet introduced in Aristarchus‘ era, the expression he used 

was ―less than a quadrant by one-thirtieth of a quadrant‖, see Heath (1913: 353). As we are concerned with the 

practical potentials for the method of dichotomy, the conceptual side of the problem of angle measurement will be 

disregarded in this paper. While it is anachronistic to suppose that Aristarchus attempted to measure an angle with a 

precision in the range of a few arc minutes, let alone seconds, any unit he used could in principle be applied to express 

any quantity with arbitrary precision by using the fractions of units. For the Greeks‘ use of angular measurement units, 

see Goldstein and Bowen (1992: 103-105). 
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calculated that DS ―is greater than eighteen times, but less than twenty times‖ DM (Heath 1913: 

377). It should be added that the lower and upper limits to the ratio do not result from the 

uncertainty of the observation, as is obvious from the singular value of the observational data, but 

from the approximative methods involved in the calculation. Also, the range given by Aristarchus 

is very far from the actual ratio DS/DM which is 389 taken today‗s average distances to the Sun and 

the Moon from a modern textbook,
8
 corresponding to 89° 51‘ 10‖ for the angle he should have 

obtained.
9
 

The error of the angle measurement is a bit shy of 3°. This may seem a lot, but we need to bear in 

mind that we do not have any evidence for the existence, at Aristarchus‘ time, of quantitative 

astronomical practices based on systematic observations. According to the general understanding 

of the history of Greek astronomy, such practices originated with Hipparchus and his era, roughly 

a century later. However, an error of this magnitude results in an enormous distortion of the final 

result.  

The reason for this is simple enough: the result is proportional to the reciprocal of the cosine of the 

angle, also called the secant, and the value of this function becomes very sensitive as the angle 

approaches its vertical asymptote at 90° (see Figure 2). Let us suppose, for instance, an inaccuracy 

of 1‘ in the angle, which is by all accounts the smallest resolution of the human eye (and therefore 

any unaided observation)
10

: this yields a distance ratio (which should be 389) of either 344 or 430, 

depending on the direction, and that means an error of more than 10% already.
11

 With an 

inaccuracy of 10‘,
12

 one direction (89° 41‘) gives 181 for the distance ratio, a quantity less than 

                                                 

8
 The minimum being 363 (Earth at perihelion and Moon at apogee) and the maximum 419 (the other way round). 

9
 The smallest possible value is 89° 50‘ 31‖ and the greatest is 89° 51‘ 48‖. 

10
 In Proposition 4, Aristarchus obtains from his calculations an angle that is ―less than 1/3960th of a right angle‖ and 

assumes that ―a magnitude seen under such an angle is imperceptible to our eye‖ (Heath 1913: 371). As this amounts 

to 1‘ 23‖, and is given by him as a value somewhere in the range of already unresolvable, we are being perhaps too 

generous by supposing the 1‘ resolution limit. 

11
 Also noted by Batten (1981: 32): ―even if the uncertainty in the angle were reduced to 1 arc-minute, that in n (and 

therefore r⊙) would still be about ten per cent‖. 

12
 According to Price (1957: 582-583), ―From Alexandrian times until the end of the Middle Ages one may safely 

assume that the accuracy attained lay at about 5 minutes of arc for angle-measurements‖ (while the maximum 

precision was determined by the 1‘ limit of vision, and the minimum accuracy was 30‘ for rough estimations). Since 

this accuracy was achieved first in the period from Hipparchus to Ptolemy with the demand set by the improvement of 
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half the real value, while the other direction is impossible: the measured angle would exceed 90° 

which makes no sense given the presupposed geometrical configuration. (For more examples, see 

Table 1.) We can add that Aristarchus must have been ‗lucky‘ to err in the right direction, since 

finding the elongation to be 93° would have made his measurement hopeless. 

 

 

 

Figure 2. The value of 1/cos() as  approaches 90°. The vertical axis corresponds to the 

distance ratio DS/DM. The figure indicates Aristarchus‘ result (at 87°) and the correct value 

(at 89° 51‘). Source: Desmos Graphing Calculator. 
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-95.4 -93.1 -87.1 -77.4 -53.5 -36.8 -26.5 -11.6 10.5 47.3 120.8  

 

                                                                                                                                                  

theories, we may assume that, for the time of Aristarchus closely predating this era, an accuracy of 10‘ may be a 

realistic typical amount of error based on Price‘s assumption. 
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Table 1. The effect of angle measurement inaccuracy on the calculated distance ratio 

DS/DM. The basic value for the angle () is 89° 51‘, for the ratio, 389. The distance ratio 

percent error is obtained as the difference between the calculated and the basic value, 

divided by the basic value and multiplied by 100. 

 

This oversensitivity of the secant function near 90° is the primary reason why the measurement as 

a measurement is doomed to fail. In other words, this is why it is ―a geometric success but a 

scientific failure‖ (Helden 1985: 6), and completely useless as a method for measuring the 

dimensions of the cosmos.
13

 Interestingly enough, this point is only rarely emphasized in the 

literature. Batten (1981: 32) states that ―[t]he angle is itself very close to 90°, and the value of its 

secant is therefore very sensitive to the value of the angle itself‖. Van Helden (1985: 7) claims that 

―it is clear that a small error in MES [the elongation] will produce a proportionally much larger 

error‖ in (eventually) the distance ratio. Berggren and Sidoli (2007: 231) only note that ―the 

derived distances are quite sensitive to small changes in this angle‖.
14

 But most authors do not 

clearly address the fact that the error of the angle measurement (close to 3°) is not nearly as bad as 

the error of the distance ratio (a factor of 20), nor do they point out the reason for this 

disproportionality, i.e. the oversensitivity involved in the fundamental principle of this badly 

conceptualized measurement. Rather, many blame the observation itself, pointing out one or more 

difficulties involved in it, as illustrated in the sections below. 

 

 

Identifying the occasion 

 

In the literature, the most frequently cited reason for the measurement‘s gross inaccuracy is the 

difficulty of finding the exact time when the Moon is just half illuminated, which is the time when 

the measurement must be performed.
15

 The synodic motion of the Moon is relatively fast, 

                                                 

13
 More precisely, part of the problem is that the actual distance ratio is large, as the elongation is close to 90°. If the 

elongation was significantly smaller, the measurement could be far more accurate, see below. 

14
 The point is also acknowledged by Oliveira, Lima and Bertuola (2016: 3) —see their Table 4 for concrete values. 

Papathomas (2005: 8) as well notes the ―enormous sensitivity‖ of the function. 

15
 Numerous examples: Berry (1898: 34): ―The enormous error is due to the difficulty of determining with sufficient 
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approximately 30‘ per hour.
16

 This means that the approximately 3° error of Aristarchus‘ 

measurement corresponds to an inaccuracy of about 6 hours in the determination of the appropriate 

time of measurement, provided that the angular measurement itself is accurate.  

Mistaking the exact dichotomy by 6 hours may seem a small error. As Neugebauer (1975: 642) 

notes, ―[i]n fact one would be lucky to determine the night into which dichotomy falls.‖
17

 This 

claim is likely based on our common experience with the night of the full Moon, which indeed is 

hard to determine using unaided eyesight only. However, halfmoon provides a different case, since 

the motion of the terminator is then perpendicular to the line of sight, as opposed to full Moon 

when it is parallel, its angular displacement becoming virtually zero for the observer in the latter 

case.
18

 So in order to have a better grasp on the situation, let us first find out how fast the 

terminator advances on the visible surface of the Moon, i.e. how much the midpoint of the 

terminator seems to move within the 6 hours in question. 

Let us suppose that we stretch out the Moon‘s equator on the celestial sphere. If the Moon‘s 

                                                                                                                                                  

accuracy the moment when the moon is half full.‖ Dreyer (1906: 136 note 3): ―the moment when the moon is half 

illuminated cannot be determined accurately‖. Heath (1921: 4): ―the only remaining drawback would be the practical 

difficulty of determining the exact moment when the moon ‗appears to us halved‘‖. Kuhn (1957: 275): ―it is difficult 

to be sure when the Moon is just half full‖. Batten (1981: 32): ―This is the weak point of the method: it is very difficult 

to estimate when the moon is half full, but the value of n is critically sensitive to that estimate‖. Helden (1985: 7): 

―Even if he would have tried to measure his numerical data accurately, he would have found that determining the exact 

moment of dichotomy […] is a hopeless task‖. Evans (1998: 71): ―it is impossible to judge the exact moment when the 

Moon reaches quadrature‖. Papathomas (2005: 8): the measurement ―requires a good judgment of the precise moment 

at which there is a half moon, emphasizing the need for good visual psychophysical methods‖. Carman (2014: 36): 

―This value [87°] is not too accurate, but the difficulties in measuring it—particularly in determining the exact 

moment of the quadrature—could excuse Aristarchus‖. 

16
 360° in roughly 30 days means 12° in 24 hours. 

17
 Others adopt the same view. Hon (1989: 132) repeats this claim almost literally: ―one would consider oneself lucky 

to determine the night in which dichotomy occurs‖. North (2008: 92) concurs: ―It is virtually impossible to decide 

when the Moon‘s disk is divided equally as between light and dark, even to the nearest day.‖ 

18
 Supposing that the period is 30 days, the velocity of the terminator‘s midpoint (v) has its component perpendicular 

to our line of sight as vcos(x/15) (in radian), where the unit of x is a day (and v = , see below). Integrating this for 

the day next to the dichotomy (between 0 and 1) and for the day next to a syzygy (between 6.5 and 7.5) yield values 

with a ratio of 9.5 which means that, in the 24 hours before or after the dichotomy, the terminator looks shifted almost 

10 times as much as in the 24 hours preceding or following the moment of full moon. 
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diameter is 0.5°, then the length its equator would be 0.5   in degrees of arc. The midpoint of the 

terminator passes along this line with a roughly uniform motion in about 30 days, so it covers 

(0.5°)/30 a day, which is  minutes of arc. Since at halfmoon our sight is perpendicular to the 

surface and to the terminator‘s motion, the speed determined above is the rate of motion we 

experience at this position. Consequently, the 6 hours of error (i.e. 3° in elongation) corresponds to 

a terminator displacement of /4 minutes of arc, i.e. approximately 0.8‘, an amount which is 

probably undetectable. In general, a shift  in the terminator‘s position entails a change of 220 in 

elongation,
19

 so elongation is very sensitive to the position of the terminator. 

This latter result expresses the prime reason why any uncertainty in the time of the dichotomy 

affects the measurement so badly: even an undetectable displacement of the terminator may 

correspond to an error in elongation of the same magnitude as that of Aristarchus. In addition to 

the oversensitivity of the secant function in the relevant domain, this sensitivity to the terminator‘s 

position is the secondary reason for the impotence of the measurement. Knowing how strongly the 

distance ratio depends on the elongation, such an indeterminacy in elongation makes the case 

doubly hopeless.
20

 

To illustrate this result, Figure 3 compares the simulated images of the Moon at dichotomy and at 

the Aristarchian position (87° elongation), and it is doubtful if any difference can be seen.
21

 On the 

other hand, supposing that the speed determined above will not change significantly in one day, the 

displacement of the terminator‘s midpoint amounts to roughly 3‘ in 24 hours. That is not a lot in 

itself but, considering that it is 10% of the Moon‘s visible diameter, that seems not impossible to 

detect, contrary to what Neugebauer and others claim. Figure 4 contrasts the simulated images of 

                                                 

19
 It can be shown that this amount (220) is actually the ratio of the Moon-Earth distance to the radius of the Moon as a 

unit. 

20
 The situation is acknowledged by Helden (1985: 7): ―Even a small error in the time of dichotomy leads to a 

significant error in MES [the elongation], itself difficult to measure accurately.‖ This is coupled with the claim cited 

earlier, about the sensitivity of the result to the angle value, from which he concludes that the ―inaccuracies are thus 

compounded‖. 

21
 Moreover, actual naked-eye observation is more problematic: First, our images exaggerate the visible size of the 

Moon, and therefore show more details on the surface that can be used as points of reference, and second, the 

measurement can only be obtained when both luminaries are above the horizon, that is, during the daytime, when the 

Moon‘s image shows less contrast and, accordingly, its edge at the terminator looks less sharp than at night. 
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the Moon at 24 hours both before and after the event, and the difference looks not so difficult to 

tell.
22

 

 

Figure 3. Simulated images of the Moon near dichotomy. On the left: at the moment of 

dichotomy (23.08.2019 17:50 CET, elongation: 89° 51‘, illumination: 50.0%). On the 

right: at the Aristarchian position (23.08.2019 22:19 CET, elongation: 87° 00‘, 

illumination: 47.5%). Atmospheric effects are ignored. Source: Stellarium. 

 

 

                                                 

22
 According to the author‘s personal experience, even half a day before and after the time of the halfmoon (e.g. in the 

evenings of 5 and 6 September 2019 as seen from Europe), the curvature of the terminator (both convex and concave) 

looked tiny but unmistakeable, even without knowing in advance what to expect to see. 
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Figure 4. Simulated images of the Moon out of dichotomy. On the left: 24 hours before 

the dichotomy (22.08.2019 17:50 CET, elongation: 101° 23‘, illumination: 60.0%). On 

the right: 24 hours after the dichotomy (24.08.2019 17:50 CET, elongation: 77° 56‘, 

illumination: 39.7%). Atmospheric effects are ignored. Source: Stellarium. 

 

Nevertheless, some scholars are far more optimistic than Neugebauer with respect to the available 

precision of telling the time of dichotomy. Batten (1981: 32) reports (without giving further 

details) that he tried to repeat Aristarchus‘ measurement several times, and he believes that, after 

further improvement, ―an uncertainty of about an hour is inevitable with naked-eye observation‖. 

Hoag (1989: 885) affirms this assumption on the grounds of his attempts at measurement with a 

gnomon. If that is correct, it indicates that the principle of ‗at least 1 arc-minute resolution‘ does 

not apply to our case, perhaps because the curvature of the terminator might be easier to discern 

than a linear displacement of the same magnitude.
23

 

 

 

Aiding the identification 

 

To assist the search for the correct occasion, one may want to check whether the terminator looks 

straight by covering the Moon‘s face with an object having a straight edge and compare the 

terminator to this edge. Simple as it may sound, in actual practice this is complicated by a number 

of interacting factors. On the one hand, the object needs to be far enough from the eye so that its 

edge and the Moon can simultaneously be seen in focus, and also for its perceived position relative 

to the Moon to remain unaffected by the involuntary motion of the observer‘s head and eye. For 

instance, an object held at arm‘s length will be out of focus when the eye keeps the Moon‘s image 

sharp (and vice versa), and its perceived position can hardly be kept fixed as compared to that of 

the Moon. On the other hand, the terminator‘s inclination to the horizon changes rather quickly (its 

amplitude being 224° and its half period 12 hours), so the object‘s straight edge needs to be 

                                                 

23
 However, based on personal experience again, I find a displacement of 1 hour (or even 6 hours, for that matter) 

totally undetectable to my naked eye. Note that 1 hour corresponds to a barely more than 0.1‘ shift in the terminator‘s 

position, less than half a percent of the Moon‘s diameter.  
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rotatable and always aligned with the terminator‘s current inclination to the horizon. In addition, 

one needs to keep the position of the object in line with the Moon‘s current altitude as well. Given 

these conflicting requirements, we would need a rather complex and sizable instrument to check 

the curvature of the terminator with a straight edge. 

According to some accounts, the unevenness of the Moon‘s surface may provide a further 

difficulty, since the terminator is displayed somewhat blurred.
24

 The source of this concern may be 

Kepler who, in his ephemerides published in 1630, suggests using the lunar dichotomy to ascertain 

the distance (and therefore the parallax) of the sun, and here he writes: ―But the observation or 

apprehension of this phase […] I find very difficult and entirely confused because of the 

unevenness of the Moon‖ (Kepler 1983: 141, lines 39-42; as quoted by Helden 1985: 80-81). 

However, Kepler considered the possibilities of reviving the method because of the availability of 

the telescope, and his report is based on his attempts made with this instrument. It is doubtful that 

the unevenness of the Moon can cause any considerable difficulty for naked eye observation, since 

the smaller the magnification of the image is, the sharper the terminator looks. 

Speaking of the telescope, Kepler was not the only 17
th

 century scientist who meant to revisit 

Aristarchus‘ method in the hope of a more accurate determination of the moment of dichotomy. 

Thomas Harriot was probably the first in 1611, but his trials showed ―that the new instrument did 

not make this ancient method more accurate‖ (Helden 1895: 79). Godefroy Wendelin‘s persistent 

attempts provided ever improving results, eventually obtaining 89° 45‘ ―or even more‖ (op. cit. 

112-113). Giovanni Battista Riccioli made a case for the method in his influential Almagestum 

novum (1651), and determined the appropriate time for the measurement by relying on the moment 

halfway between the time when he began seeing, and the time when he stopped seeing, the Moon 

as half, the interval itself lasting only ―some minutes‖. The results of his repeated measurements 

were all approximately 89 ½° (op. cit. 114).
25

 However, it was also these years when the Moon‘s 

libration was acknowledged, thus excluding the possibility of using surface features as phase 

                                                 

24
 Noted by Berry (1894: 34): ―the boundary separating the bright and dark parts of the moon's face is in reality (owing 

to the irregularities on the surface of the moon) an illdefined and broken line‖; or by Doig (1950: 32): ―the discrepancy 

being due to the great difficulty, owing to the Moon‘s surface irregularities, in deciding the moment when it is exactly 

half full‖. 

25
 He measured the angle by first determining the time interval between the quadrature and the dichotomy, and then 

calculating the Moon‘s position at the given moment, for which he needed accurate ephemerides, see the next section. 
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indicators of the bisecting terminator.
26

 After all these scrupulous but eventually fruitless attempts, 

by the end of the century the method of lunar dichotomy was seen as obsolete. 

At his point, one may want to object that it is not necessary to find the moment of dichotomy 

‗visually‘, instead we can rely on astronomical tables and ephemerides: we just simply read off the 

times of full moon and new moon, and halfmoon must be halfway in between. But this is wrong 

for several reasons. First, it is very unlikely that the Greeks at Aristarchus‘ time could tell the 

duration of the Moon‘s cycles, and the exact moment of the syzygies, accurately enough for the 

purposes of the measurement. Second, even if they knew these periods with great precision, the 

Moon‘s motion is quite irregular, its speed on the celestial sphere varying by ±12% with respect to 

the average, so the moments of the quadratures can be significantly different from the moments 

halfway between the syzygies.
27

 And finally and most importantly, even if the Moon exhibited a 

uniformly circular motion, the halfway points would correspond to the quadratures (at right angles 

to the syzygies) and not the dichotomies.
28

 Actually, the angle on which the distance ratio depends 

is effectively the tiny difference between the quadrature and the dichotomy, and this cannot be 

calculated a priori unless we already know the relative distances of the luminaries, the thing we 

ultimately want to determine.
29

 

                                                 

26
 The same Vincentius Mutus who pointed this out to Riccioli, also found that observations with the naked eye and 

through the telescope seem to give different moments for the dichotomy, which van Helden attributes to the concave 

oculars used in the so-called Dutch telescopes (op. cit. 115). 

27
 This irregularity is a major motivation for the introduction of eccentric circles into the models of Hellenistic 

astronomy, which is supposed to have happened probably not much after Aristarchus‘ time (by Apollonius of Perga). 

28
 As could be seen in an earlier note, this distinction seems to get overlooked by some historical accounts. E.g. Evans 

(1998: 71) claims that ―it is impossible to judge the exact moment when the Moon reaches quadrature‖, or Carman 

(2014: 36) mentions the difficulties in ‖determining the exact moment of the quadrature‖, while they both mean the 

moment of dichotomy. 

29
 To complicate the matter even further, the syzygies rarely coincide with the elongation values of 0° and 180°, owing 

to the inclination of the Moon‘s orbit to the ecliptic. For example, the minimum elongation at the new moon of 

30/08/2019 was 3° 24‘ 19‖ (at 12:34 CET) while the maximum elongation at the full moon of 14/09/2019 was 175° 2‘ 

6‖ (at 7:55 CET). (Source: Stellarium.) One could avoid this problem by distinguishing between real elongation and 

ecliptic elongation, and define the syzygies and the quadratures based on the latter, as the Moon having its ecliptic 

longitude differing from that of the Sun by 0°, 90°, 180°, and 270° accordingly. However, the method of lunar 

dichotomy is based on the value of the real lunar elongation, as well as having its asymptote at 90° of real elongation, 

and not at the ecliptic quadrature. Luckily, this complication does not affect the measurement, unless we intended to 
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Of course, if we have a relatively exact model for the Moon‘s motion, and therefore our tables are 

accurate enough to predict the time of the quadratures with satisfactory precision (such as Kepler‘s 

Rudolphine tables published in 1630), then we can prepare in advance and know approximately 

when to look for the dichotomy within a reasonably short time interval. But since that was not the 

case for Aristarchus, we may assume that he had no way to anticipate the correct time with a much 

better accuracy than the day of the event. In order to recognize the moment of the halfmoon 

correctly, the Moon needs to be above the horizon, which happens on average at every other 

halfmoons (i.e. once a month). But in order to be able to measure the elongation, the Sun needs to 

be up as well, and the two conditions are satisfied simultaneously at every fourth halfmoon on 

average. If these requirements are fulfilled more or less randomly for an observer, aggravated by 

the unpredictable atmospheric conditions, one may be tempted to get impatient and misidentify the 

correct moment when all other circumstances seem ideal.
30

 

All in all, Aristarchus‘ error corresponding to an inaccuracy of 6 hours is totally unsurprising after 

having considered what it takes to find the appropriate time of the measurement. It is doubtful 

whether he could have reached any better result, no matter how hard he tried. Unfortunately for 

him, such an error is far beyond what the method could in principle tolerate. But even if he did 

find the appropriate moment precisely enough, the next step is measuring the elongation of the 

Moon, and that involves similarly dire complications. 

 

 

Measuring the angle 

 

We have no idea what instrument Aristarchus could have used to determine the angle. Ptolemy‘s 

Syntaxis from the second century AD contains descriptions of several astronomical instruments, 

                                                                                                                                                  

rely on precise ephemerides. 

30
 Such a mistake can be characterized as ―wishful thinking‖, a term Hartner (1977, 8: 4) used to describe perhaps 

unconscious distortions to approach expectations, as opposed to deliberate hoaxes and frauds. Compare this to 

Neugebauer‘s (1975: 634) partly similar claim: ―It is not surprising that the early attempts at determining the size and 

distance of sun and moon in relation to the earth ended with wrong results. The ancient methods are of necessity based 

on trigonometric arguments in combination with visual estimates of very small angles and one naturally had the 

tendency to falsify such estimates in the wrong direction.‖ (emphasis added) 
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referring some of them to Hipparchus in the second century BC, only a century after Aristarchus. 

But since Hipparchus is regarded as the major figure in the initiation of a quantitative and 

observational revolution in contrast to earlier practices, Ptolemy‘s passages are not of direct 

relevance here. Also, Vitruvius in his De architectura reports that ―Aristarchus invented the 

―hemisphaerium‖ or ―scaphe,‖ a sundial with a hemispherical surface, and he is also identified as 

having invented the ―discus in planitia,‖ a dial with a horizontal shadowreceiving surface‖,
31

 but 

sundials cannot be used for direct angular measurement.
32

 

Whatever his instrument might have been, many modern scholars agree that it could not have been 

good enough. Tannery (1883: 243) claims that ―[t]he necessary instruments were in all probability 

not in existence in the fourth century‖ (as quoted by Heath 1913: 332).
33

 Kuhn (1957: 275) agrees 

that ―[i]n practice that measurement is very difficult, particularly with the instruments known to 

have been available to Aristarchus‖. Pedersen and Pihl (1974: 55) blame ―the poor quality of 

existing instruments for measuring angular distances‖. Similarly, North (2008: 92) concurs that 

―[i]t was quite impossible, given the instruments then available, to measure the vital angle‖.
34

  

However, what we saw in the preceding sections suggests that it is not the instruments themselves 

that are responsible for the error. The oversensitivity of the distance ratio to the deviation from the 

quadrature, coupled with the sensitivity of the elongation to the position of the terminator, 

excludes the possibility of a reasonable measurement, no matter how good the instruments are 

realistically. As Berry (1898: 34) puts it, ―the observation on which Aristarchus based his work 

could not have been made with any accuracy even with our modern instruments, much less with 

those available in his time‖ (emphasis added). 

                                                 

31
 As summarized by Mickelson (2007: 60). For the references see Wall (1975: 214-215, notes 41 and 45).  

32
 Perhaps this report is the reason why Hoag (1989) ―tried an extensive series of observations with a gnomon‖. 

Unfortunately the details are not revealed in this abstract, but his result seems suspiciously good: ―89.9 ± 0.6 degrees‖. 

33
 Tannery suggests an alternative solution, assuming that the true inventor of the method was Eudoxus: ―But Eudoxus 

could, on the day of the dichotomy, mark the positions of the sun and the moon in the zodiac, and try to observe at 

what hour the dichotomy took place‖ (ibid.). While this method of position marking seems quite inaccurate knowing 

the requirements of the measurement, Tannery assumes that Eudoxus‘ error was twice as large (6°) as that of 

Aristarchus, which is compatible with such a crude method. 

34
 On the other hand, Koestler‘s (1959: 49) statement that ―if his actual figures were wrong, it was due to the fact that 

he was born two thousand years before the telescope‖, has a different implication because telescopes could help in 

determining the time of the dichotomy (see above), but not the angle. 
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The length of the arc between two celestial objects can, in principle, be determined in one of two 

ways: either the angle is directly measured, or the positions of the bodies are independently 

measured and then the angular separation calculated. Regarding the first option, the general 

principle underlying instruments of direct angle measurement is the following: a graduated arc is 

positioned in the plane of the angle subtended by the directions of the two objects, and their 

angular separation is given as the difference between the two grades marking the objects‘ positions 

along the arc. The accuracy of the directions can be facilitated by the use of straight edges aiding 

our eyesight. In a more complex case, two parts of an instrument with a straight edge each, 

attached to each other directly or indirectly in a rotatable manner, are adjusted and fixed in a way 

that the edges point in the directions of the two measured objects, and the angle subtended by the 

edges can be thus immediately determined. Such an instrument needs to be aligned with the plane 

of the angle, in this case the ecliptic. 

Alternatively, the positions of the two objects can be independently measured, most conveniently 

in the horizontal coordinate system using inclination measuring instruments, and the angular 

separation can be calculated using spherical geometry and trigonometry (or their geometrical 

equivalents). Here, we are not concerned with the possible differences, in terms of complexity or 

accuracy, between these methods. Rather, we want to address two common issues: one is the size 

of the required instrument, and the other one is the time delay involved in the measurement. 

Generally, the larger the radius of the arc (and thus the instrument) is, the more accurate the 

graduation can be.
35

 In order for the angle measurement to be accurate enough for the purposes of 

the method, either the elongation or the individual positions must be determined with an accuracy 

in the order of arc minutes. Let us say that the instrument should be able to measure, as a smallest 

angle, one arc minute corresponding to the best capabilities of naked eyesight. Therefore, the 

graduated arc must have a diameter D = d  (360  60) / 2 , where d is the distance between two 

adjacent markings on the arc (representing 1‘). If we place the adjacent grades 1 mm apart, the 

radius of the arc will be 3.44 m. Note that we do not need a full disk or even a full ring, since a 

                                                 

35
 ―An instrument must certainly be very large, carefully and closely divided, perfectly jointed, and made quite stable 

in order to secure this required accuracy‖ of 5‘ mentioned in an earlier note, see Price (1957: 584). Goldstein and 

Bowen (1992: 127-128) (―Appendix 2‖) suggest a method for increasing the precision of readings on the arc without 

magnifying the instrument itself, relying on objects in the environment of an instrument in a fixed position. 
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sector is sufficient: for direct angular measurement of the elongation of dichotomy, at least a 

quadrant is necessary. However, such an instrument is already unrealistically huge, far surpassing 

anything available in antiquity.
36

 

 

 

Time delay effects 

 

Another relevant issue is the time delay: both the positions of the objects in the second case 

described above, and their directions along the measuring arc in the first case, are determined one 

after the other. The time delay is constituted by how long it takes to identify the direction or 

position of the second object after the first one is done. In general, the more complex and more 

sizable the instrument is, the more accurate the positions are, but the longer it takes to determine 

the two positions consecutively. So in both cases, the actual angular separation is obtained only 

after taking the motion of the objects into account.  

Now the relative motion of the luminaries, i.e. how much the two bodies moved relative to one 

another during the time elapsed between the two position measurements, is quite insignificant.
37

 

On the other hand, the absolute motion of the objects, resulting from the daily rotation of the 

celestial sphere (or alternatively, of the Earth), seriously affects the measurement. Lacking a clock 

drive on an equatorial mount, the measurement needs to be done quickly enough for the rotation to 

be negligible, or else the rotation needs to be accounted for. 

In order to estimate to what extent the daily rotation affects the perceived angular separation of the 

                                                 

36
 The actual (usually hand-held) devices used at this time are supposed to be quite simple. For a summary of possible 

astronomical instruments of arc measurement in Aristarchus‘ time, see Goldstein and Bowen (1992: 108-111), 

according to whom it was the 3
rd

 century BC when the first precise and dated position measurements were performed. 

For instruments described in Ptolemy‘s Syntaxis, see Price (1957: 586-594). Again, we are interested in what the 

optimal potentials were for the method of dichotomy based on pre-telescopic instrumentation technologies, and not in 

historical plausibility per se. 

37
 For the synodic motion of the Moon, the movement of 1 arc minute takes 2 minutes in time, as shown above. 

Provided that the time required for the determination of the second position after the first one does not exceed the 

order of minutes, the expected inaccuracy remains close to, or even less than, the limit of eyesight resolution. The 

motion of the Sun is even far slower. 
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two bodies observed at different times, let us first look at the velocity of any given point of the 

ecliptic. The maximum speed of its westward motion, for any point of the celestial equator, is 1° 

per 4 minutes.
38

 The velocity of rotation decreases with declination, but its minimum value for the 

two luminaries is only about 10% less than the maximum, as the ecliptic keeps them in the broad 

vicinity of the equator.
39

 An additional difficulty is that the rotational angle surplus or deficit
40

 

does not convert directly to a variation in elongation, since the latter angle is measured roughly 

along the ecliptic, and not the equator. When the two luminaries have the same declination (i.e. 

same distance from the equator), their separation is parallel with the daily rotation, and no further 

correction is required. But when their declinations are different, their angular separation is inclined 

to the equator and, therefore, is affected only by the vectoral component of the rotation parallel 

with the ecliptic. As the inclination in question is actually always smaller than the angle of 24° 

subtended by the ecliptic and the equator, the ecliptic component of the daily rotation is, again, 

more than 90% of the equatorial speed at any time. 

Considering the first option mentioned above, our estimation of how much error results from the 

corresponding time delay between the two position measurements is presented in Table 2.
41

 For 

                                                 

38
 360° in 24 h means 15° (900‘) in 1 h (60 min), therefore 15‘ a minute. 

39
 For a body on a solstice point of the ecliptic, the speed of rotation is v = vmax  cos(24°), where vmax is the rotational 

speed of the equator (1° per 4 minutes), and cos(24°) = 0.91. (Note that in Greek antiquity, the inclination of the 

ecliptic was taken to be 24° or somewhat less, see Jones (2002: 15-19). Today it is often referred to as 23.5°, in 

accordance with the slow decrease in its value since antiquity.) However, the Moon can occasionally get as far as 5° 

from the ecliptic, and should this point of maximum latitudinal deviation coincide in longitude with a solstice point, 

then the minimum conceivable rotational speed is vmax  cos(29°) = vmax  0.87. Therefore, the lowest (daily) rotational 

speed of the Moon on the celestial sphere is 13% less than the maximum value corresponding to the equatorial 

position. 

40
 Whether it is a surplus or a deficit, with respect to the elongation, depends on (i) which body‘s position is 

determined first and (ii) which halfmoon (first quarter or third quarter) we are looking at. The rotation produces a 

deficit in elongation either when the Sun is measured first near the Moon‘s first quarter, or the Moon is measured first 

near its third quarter. Inversely, the rotation produces an excess in elongation either when the Moon is measured first 

near its first quarter, or the Sun is measured first near the Moon‘s third quarter. 

41
 The rate of rotation we reckoned with corresponds to the mean absolute declination of the ecliptic, 15.3° (i.e. 24°  

2/), and cos(15.3°) = 0.96. In this table we do not account for the inclination of the separation to the direction of 

rotation because, as we have seen, this factor has a small (max. -10%) effect on the result. 
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example, let us suppose that the positions of the two luminaries can be determined 1 minute apart 

in time—i.e. it takes 1 minute to adjust, aim, and fix one edge properly, or else it takes 1 minute to 

determine the position of one object. Owing to the rotation of the sky, this 1-minute difference 

amounts to nearly 15‘ error in angle determination and, as we have seen, this is already intolerable 

in our case. In order to keep the accuracy in line with the resolution of the eye (1‘), one needs to 

perform the measurement miraculously fast, within 4 seconds at most between targeting or 

determining the positions of the two objects. Also note that the delay, when it increases the 

separation, makes the measurement nonsensical above the value of about 35 seconds, as the 

precisely measured angle will have exceeded 90°. 

 

Position measurement delay 1 s 10 s 30 s 1 m 3 m 10 m 
Corresponding error in angle 14.4" 2.4' 7.2' 14.4' 43.2' 2° 24' 
Corresponding distance ratio + 379 306 214 148 66 23 
Corresponding distance ratio - 400 534 2148 E E E 
Distance ratio percent error + -2.6 -21.3 -45.0 -62.0 -83.0 -94.1 
Distance ratio percent error - 2.8 37.3 452.2   

Table 2. Position measurement delay translated as error in angle determination, and its effect on 

the calculated distance ratio DS/DM. Position measurement delay: how much time lapses between 

the position determinations of the two bodies. Corresponding error in angle: owing to the rotation 

of the sky during the lapsed time (calculated for the mean absolute declination of the ecliptic). 

Corresponding distance ratio +: when the time lapse decreases the elongation by the above error 

(see note 60). Corresponding distance ratio -: when the time lapse increases the elongation by the 

above error. Distance ratio percent error: the difference between the calculated and the correct 

value (389), divided by the correct value and multiplied by 100. 

 

So it may seem more promising to choose the second option, being as slow and meticulous with 

the determination of the directions or positions as one requires, and then subsequently taking the 

effect of rotation into account. But there are significant obstacles to this method too. First, the 

meticulous determination of even individual directions is a serious challenge when the target 

objects move so fast. Second, in order to account for the exact amount of rotation, one needs to tell 

the time difference between the two position measurements, so we need to have a precise 

timekeeping device for short intervals. 
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The Greeks used two main types of timekeeping instruments: the sundial and the water clock. 

While water clocks are more practical in the sense that sundials work only in the presence of direct 

sunlight, sundials were essentially more accurate for the following reason. Sundials measure 

astronomical time directly, by the fractions of the Sun‘s motion and, thus, of the length of the day. 

This is the concept of time that a performer of the method of lunar dichotomy needs to reckon 

with, as it is directly related to the rotation of the sky. On the other hand, water clocks are able to 

determine relative durations only, so irrespective of technical issues such as the uniformity of the 

flow, water clocks need to be calibrated by correlating the directly given intervals to astronomical 

time. Since such a calibration, in Greek antiquity, could only be achieved by relying on sundials, 

water clocks can tell the time only as accurately (at most) as the best available sundials. For this 

reason, it is the theoretical accuracy of sundials we need to address here. 

One constraint on the accuracy of sundials is linked to the size of the instrument. If the graduation 

on the dial is meant to correspond to the 1‘ precision limit of observation (i.e. the smallest time 

unit we want to be able to measure is the 4 seconds of the 1 arc-minute rotation)
42

, the perimeter of 

the graduated ring, provided that its plane is parallel with that of the equator,
43

 must be 360  60 = 

21 600 times the distance between the adjacent grades, for the same reason that we saw in case of 

the arc measuring instrument itself. This means that, if the grades are at least 1 mm apart, the 

graduated ring must have a diameter of at least 7 m; and should the grades be 1 cm apart for better 

visibility, the required size increases tenfold to 70 m. Therefore, for the lunar dichotomy to work 

with the required accuracy, the size of the sundial would have to be gigantic. 

Another, and even more damning, constraint follows from the fact that the shadow of the gnomon 

is blurred, owing to the light source (the Sun) being extended.
44

 Since the Sun‘s disk is 0.5° across, 

                                                 

42
 The Greeks had no concept of time intervals on this scale. However, this is theoretically irrelevant because, just like 

in the case of arc measurement, any brief time interval could be expressed as a fraction of a temporal unit in use, e.g. 

an hour. 

43
 We consider an equatorial design because it allows for the most compact size relative to a certain degree of 

accuracy, as the Sun‘s angular motion is parallel with the plane of the dial. Of course, equatorial sundials have obvious 

practical drawbacks such as the problem of structural stability (especially when the instrument is large), or the fact that 

the shadow falls on either side of the graduated ring depending on the season. For a detailed account of sundials in 

antiquity, see Gibbs (1976). 

44
 The diffraction of light at the edge of the gnomon is another, albeit at this size scale mostly negligible, effect 
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the edge of shadow will be divergent for any object, with a gradual transition from completely 

illuminated to completely shaded in a domain of half a degree. Moreover, beyond a certain 

distance áthe umbra of the gnomon (i.e. the region in total shadow, being completely shaded from 

sunlight) disappears,
45

 and the penumbras (i.e. the partially shaded bordering regions mentioned 

above) merge to form a slightly shaded region (antumbra). Consequently, it is impossible to 

determine where the shadow falls with an accuracy in the order of arcminutes.  

Admittedly, the above complications of telling the time can be avoided if two, instead of only one, 

persons perform the measurement and they determine the positions of the two bodies 

simultaneously with a synchronized effort. While this trick may improve the accuracy of angle 

measurement significantly, some additional difficulties are likely to arise, such as the complexity 

of a possible instrument operated by two people at the same time, or else if they use two 

independent positional instruments, the variations owing to the difference between the two 

apparatuses and their alignments (plus, in both cases, between the two experimenters). 

 

 

Further complications 

 

Another problem of the angle measurement is that the two bodies are extended, as opposed to stars 

or planets that seem point-like. The diameter of both luminaries is approximately 0.5°, so pointing 

an instrument at their centres is far from being obvious and, as we have seen, an inaccuracy of 

several arc minutes already causes a significant error in the result.
46

 In addition, the brightness of 

                                                                                                                                                  

contributing to the lack of sharpness at the edge of the shadow. 

45
 The length of the umbra is l = w / (2  tan(/2)), where w is the width of the gnomon, and  is the angle under which 

the Sun is seen. Since  = 0.5°, l = w  114.6. For a sundial with a diameter of 7 m (see above), the width of the 

gnomon must be more than 6 cm to produce a total shadow long enough to reach the graduated perimeter. 

46
 As pointed out by Kuhn (1957, 275): ―The precise centers of the Sun and the Moon are very hard to determine‖; or 

by Evans (1998: 71-72): ―it is also difficult to measure the angular distance between the centers of extended bodies 

like the Sun and Moon‖. It should be noted that, while the shape of the Sun is a regular disk, the shape of the Moon is 

practically a semicircle, and for this shape the identification of the Moon‘s centre may be easier by simply halving the 

terminator. Also, it could be proposed that locating the edges, instead of the centres, of the luminaries might be 

achieved more precisely, but this option works only if (1) the apparent sizes of the two bodies are the same, so that the 

distance between the corresponding points of their circumferences equals the distance between their centres, and (2) 
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the Sun involves an extra difficulty, as direct naked-eye observation of the object, which is useful 

for a quick measurement of its position, can lead to eye damage.
47

 Thus it seems that any viable 

method of position measurement is either time consuming or demanding on instrumentation, and 

these requirements are incompatible with the circumstances described above. 

Moreover, the effects that distort the visual positions of the objects were not corrected for. One 

such effect is the geocentric parallax, i.e. the direction in which the object is seen for an observer 

on the surface of the Earth is different from the direction in which the same object would be seen 

from the centre of the Earth. The magnitude of this effect depends on the distance of the object 

from the Earth, and while it is negligible for naked-eye measurements in the case of the Sun, it is 

quite significant for the Moon. Parallax shifts the Moon‘s image towards the horizon, its amount 

being proportional to the sine of the zenith distance, increasing towards the horizon where it 

reaches its maximum value of about 1°.
48

 Another relevant effect is atmospheric refraction, mostly 

unknown in the 4
th

 century BC, which shifts the image of objects away from the horizon, to the 

same degree for every celestial object, again depending on the zenith distance with a maximum of 

approximately 0.5° at the horizon.
49

 

                                                                                                                                                  

the adequately corresponding pair of circumference points can be identified. But (1) is only approximately true, with a 

variation of the apparent sizes to an extent that significantly affects the result, and (2) is problematic for a number of 

reasons, such as the so-called half-moon illusion, which means that the Sun seems to be well below the line 

perpendicular to, and drawn from the centre of, the terminator on the Moon, where it should be seen on a planar 

surface, and where the mind expects is to be (see Papathomas 2005). 

47
 ―The brightness of the Sun posed additional problems—as well as risks for the vision of the observer.‖ (Evans 1998: 

72) 

48
 Of course, even if Aristarchus didn‘t neglect the parallax, in order for him to estimate its amount and consider the 

required corrections he would have had to know the Moon‘s distance (and the size of the Earth). If we calculate his 

proposed distance to the Moon from later propositions of the treatise, which is smaller than the correct value, then it 

turns out, as Neugebauer (1975: 643) noted, that ―[a]t the same time parallax is expressly ignored although 

Aristarchus' own data could lead to a lunar parallax of almost 3°‖, which would clearly have to be taken into account, 

being approximately equal to the perceived difference between dichotomy and quadrature. For a more technical 

discussion of how parallax affects this measurement in general, see Oliveira et al. (2016: 3). 

49
 For a modern discussion of refraction correction for the lunar dichotomy, see Momeni et al. (2017: 212). Since the 

behaviour of refraction (depending on several atmospheric parameters) is far more complicated and unpredictable than 

that of parallax, the formula the cited paper uses ―is not more accurate than about 1 arc min for the low altitude of the 

Sun‖. 
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We need to note that Aristarchus explicitly denies the effect of geocentric parallax in Hypothesis 2: 

―the earth is in the relation of a point and centre to the sphere in which the moon moves‖ (Heath 

1913: 352). However, this assumption contradicts later passages in the treatise where the size of 

the Earth is not negligible.
50

 Perhaps in order to conceal this problem, the medieval Arabic 

translations of the treatise replaced ―the centre of the Earth‖ with ―the eye‖ in the phrasing of 

Proposition 7 (Berggren and Sidoli 2007: 243). Neglecting the size of the Earth was probably a 

commonplace in Hellenistic astronomy, see Chapter I/6 of Ptolemy‘s Syntaxis: ―the earth has the 

ratio of a point to the heavens‖ (Toomer 1984: 43). The famous passage in Archimedes‘ 

Sandreckoner which summarizes Aristarchus‘ heliocentric theory also implies that, just as 

Aristarchus regards the sphere of the Earth as negligible with respect to the size of the cosmos, so 

adherents of the traditional view like Archimedes regard the Earth as negligible with respect to 

their cosmos, which is characterized by the distance between the central Earth and the peripherical 

Sun (Heath 1913: 302).
51

 On the other hand, the negligibility of the Earth with respect to the 

cosmos (in Ptolemy, the stellar sphere) is not necessarily the same as its negligibility with respect 

to the sphere of the Moon.
52

 The latter is explicitly denied by Ptolemy: ―For the distance between 

the sphere of the moon and the centre of the earth, unlike the distance to the ecliptic, is not so great 

that the earth‘s bulk has the ratio of a point to it.‖ (Toomer 1984: 243) In Ptolemy‘s case, however, 

the distinction already presupposes the result of Aristarchus‘ measurements to be known. 

Let us recall now that the method of lunar dichotomy requires both objects to be seen above the 

horizon, with an angular separation of approximately 90° between them. Since they move along 

the ecliptic (at least more or less, in the case of the Moon) which is inclined to the horizon, the 

altitude of at least one of our objects must remain rather low, no more than roughly 20°, where 

                                                 

50
 See Berggren and Sidoli (2007: 216-217 and 232-233) for details. For instance it contradicts any demonstration 

based on lunar eclipses (e.g. Hypothesis 5), since a point-like Earth could not cast a shadow on the Moon. 

51
 By the way, here Archimedes criticizes the presumably customary way to express this negligibility (―the ratio of a 

point to…‖): ―Now it is easy to see that this is impossible; for, since the centre of the sphere has no magnitude, we 

cannot conceive it to bear any ratio whatever to the surface of the sphere.‖ This provides another example of the 

technical problems with the negligibility of the Earth‘s size: albeit in this case the issue looks more theoretical and 

pedantic, nevertheless it is deeply related to Hypothesis 2 in the sense that a point-like Earth cannot enter into 

geometrical or numerical relations with other magnitudes (see the theory of proportions in Euclid‘s Elements, esp. Def 

V.3-4, in Heath 1908: 114, 116-120). 

52
 See e.g. the relevant classification in Lloyd (1989: 307-312). 
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both the parallax and the atmospheric refraction are already significant. 

Again, one can object that a direct measurement of the Moon‘s elongation can be avoided, 

provided that we have ephemerides which are accurate enough: we only need to determine the 

moment of dichotomy and then we can calculate the angular separation from the objects‘ positions 

tabulated (or else calculated) for the given time. As we noted earlier, this option was feasible and 

indeed applied in the 17
th

 century. But in Aristarchus‘ time two essential prerequisites were 

seriously lacking, both mentioned above. First, the Greeks did not have the appropriate time 

keeping instruments to record the moment of observation with sufficient precision. Second, the 

models and the tables were certainly not accurate enough—especially for the Moon with its fast 

but irregular motion. Even in Ptolemy‘s Syntaxis, the error of his lunar and solar models can 

occasionally exceed 1° (see Britton 1992), and if his tables would be useless for the method of 

lunar dichotomy, the ones Aristarchus had had access to (which is probably none) would have been 

even more ineffective. 

To sum up, not having more advanced instruments should have been about the least of Aristarchus‘ 

concerns when he set out to measure the exact value of lunar elongation. 

 

 

Limitations of the measurement 

 

Disregarding the practical complications discussed so far, let us return to the theoretical problem: 

it is the basic principle that already makes the measurement hopeless in practice. We could see 

earlier that, while the method was revived in the 17
th

 century with the help of the telescope and 

quite precise ephemerides, the technical improvements still could not make it efficient in 

determining the distance ratio within any tolerable limits of certainty. Even though 17
th

 century 

astronomers were deeply interested in the success of such a measurement: as the Moon‘s parallax 

(and therefore its distance) could already be established with satisfactory accuracy, figuring out the 

distance ratio would have enabled them to come up with a reasonable value for the Sun-Earth 

distance, later dubbed the Astronomical Unit, the key to the absolute scale of the Copernican 

model of the Solar System. 

The best possibilities the method could offer can be explored by pushing it to its limits, as done by 

Momeni et al. (2017). They used modern technology such as a good telescope, digital photography 
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and image processing procedures, and statistical methods. Also, they interpreted the observation in 

a rather flexible manner, modifying the original measurement as often as necessary in order to 

avoid the observational difficulties mentioned above. For example, they did not struggle with 

identifying the exact moment of the halfmoon, but instead they replaced the right triangle with a 

general geometry of the distance ratio, and then observed the Moon at different elongations and 

determined the phases by fitting ellipses to the terminators on the images. Also, they avoided 

several difficulties of the angle measurement by calculating the elongation from position 

measurements based on photos. They came up with modern solutions to some of the details, e.g. 

the problem of refraction, or of finding the objects‘ centres (integrated into the problem of image 

centering). They assessed the optimal configurations of the bodies in the sky (owing to e.g. 

atmospheric conditions, sufficient altitudes, etc.), and they corrected for the motion of the 

luminaries during the measurement.
53

 

Notwithstanding modern technology and procedures, their general conclusion is disappointing: 

―we have evaluated the lunar and the solar sizes and distances to precisions of a few percent for 

the Moon and about 10% for the Sun‖ (op. cit. 207). The part of their measurement corresponding 

to lunar dichotomy yields 357 for the distance ratio, which means approximately 10% error.
54

 

Relying on this result we may conclude that this 10% error is about the best one get by using lunar 

dichotomy as precisely as possible with today‘s technology, provided that the observation is not 

too ‗lucky‘ or bias-driven.  

Of course, the problem of oversensitivity is limited to a narrow range of elongation (near 90°) and 

the corresponding domain of distance ratio (very large). Already for the lower domains in Figure 

2, still not far from 90°, the extreme steepness of the curve disappears. Accordingly, if the 

distances to the Sun and the Moon were not so disproportionate, that is, the Sun would be 

significantly closer to us relative to the Moon
55

, the method of dichotomy would be much more 

efficient in practice, as Table 3 illustrates. For example, if the elongation of the dichotomy was not 

                                                 

53
 The daily rotation is already compensated for by the clock drive, so the motion they corrected for is the 

much slower movement relative to the stellar background. 

54
 More precisely, the reciprocal of the ratio is (2.86 ± 1.1)  10

-3
 (see their Table II on p. 210), where the mean value 

represents 357, the minimum being 256 and the maximum 588. So while the confidence interval is quite broad, 

indicating the many uncertainties involved in the procedure, the true value falls smoothly within the given range. 

55
 This is a purely mathematical assumption, with no regard to the physical feasibility of such a configuration. 
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more than 70°, meaning a distance ratio less than 3, then a 10‘ inaccuracy in angle measurement 

would produce an error of less than 1% in the distance ratio and, moreover, even an inaccuracy of 

1° would result in an error of a few percent at most. 

 

 DS/DM 3°-% 1°-% 10’-% 1’-% 

87° 19.11  50.0 5.88 0.56 
84° 9.57 99.7 19.9 2.85 0.28 
80° 5.76 42.5 11.0 1.68 0.17 
70° 2.92 17.0 5.1 0.81 0.08 
50° 1.56 6.8 2.1 0.35 0.03 

20° 1.06 2.1 0.7 0.11 0.01 

Table 3. Sensitivity of the distance ratio, provided that the elongation of the dichotomy 

was smaller. : assumed value for the elongation of dichotomy. DS/DM: the corresponding 

distance ratio. 3°-%: distance ratio percent error resulting from an inaccuracy of 3° in 

angle measurement. The rest are similar errors for other values of angle inaccuracy. 

 

However, the measurement performed in such a configuration would still be exposed to the second 

major problem, the slow motion of the terminator relative to the change in elongation. Maintaining 

the assumptions that (i) a change of 3° in elongation (i.e. a motion of 6 hours) corresponds to an 

0.8‘ shift in the position of the terminator‘s midpoint with respect to the Moon‘s disk, and that (ii) 

the smallest visible position difference is 1‘, we need to assume that the error in the determination 

of the moment of dichotomy could never get much better than 8 hours, exceeding the 3° 

elongation error of Aristarchus. Returning to Table 3 we can see that, under these circumstances, 

the measurement could only be loosely accurate (within a few percent) if the Sun‘s distance would 

not be a multiple of the Moon‘s distance, but larger by some fraction only. This configuration is 

compatible with a cosmos conceived in terms of homocentric spheres in the original sense, i.e. 

relatively thin spherical geocentric shells carrying the celestial bodies near the edge of the 

universe.
56

 

                                                 

56
 A major indication for the historical reality of this interpretation of celestial spheres is found in the famous 

Archimedes passage reporting on Aristarchus‘ heliocentric theory (Heath 1913: 302), according to which the 

――universe‖ is the name given by most astronomers to the sphere, the centre of which is the centre of the earth, while 

its radius is equal to the straight line between the centre of the sun and the centre of the earth‖. As the Sun is probably 
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Since the distance ratio is actually large, lunar dichotomy as a measurement (aiming at a 

quantitative outcome representing its object) is beyond salvation, but that does not mean that it is 

not informative. Interestingly enough, it is precisely its total failure as a quantitative effort that 

reveals crucial qualitative consequences. The hopeless configuration shows that the elongation to 

be found is close to 90° and, therefore, the Sun is much further away than the Moon. On the one 

hand, this result compels adherents to geocentrism to admit that there must be huge differences 

between the sizes of various spheres, refuting the aforementioned cosmological view of thin 

spheres. Aristarchus‘ conclusion was adopted by Ptolemy‘s cosmological model of nested spheres 

described in his Planetary hypotheses (see Goldstein 1967), and not only qualitatively when 

inflating the widths of individual spheres by including the epicycles and the eccentric deferents in 

them, but also quantitatively by placing the Sun‘s sphere approximately 20 times further away 

from the Earth than the sphere of the Moon.
57

 In the latter sense, the outcome of the measurement 

was reinforced by the greatest astronomical authority of antiquity, enhancing its credibility and 

popularity well into the early modern era. On the other hand, several historians combine this result 

with later propositions from the treatise claiming that the Sun is actually larger than, not only the 

Moon (since their relative distances are proportional to their relative sizes), but also the Earth,
58

 

and assume that this must have played a role in Aristarchus‘ heliocentrism.
59

 

 

 

Conclusions 

 

                                                                                                                                                  

not on the outmost sphere, having several planets and the stellar sphere above it (for the two proposed orders of 

spheres by Archimedes, see van Helden (1985: 9)), the implicit assumption here is that celestial spheres are so thin 

than the Sun‘s sphere can practically be regarded as the boundary of the spherical cosmos. 

57
 Ptolemy obtained these distances, in principle, independently in his Syntaxis, by measuring the parallax for the 

Moon (V/13, see Toomer 1984: 247-251), and by inverting Aristarchus‘ eclipse diagram for the Sun (V/15, op. cit. 

255-257), but probably bearing Aristarchus‘ famous result in mind. In the Planetary hypotheses he relies on these 

quantities when showing that the spheres of Mercury and that of Venus together fit approximately within the gap 

between the spheres of the Moon and the Sun (see Goldstein 1967: 7), thus contributing to the coherence of the 

cosmological system of nested spheres. 

58
 Proposition 15, see Heath (1913: 402-409). 

59
 A possible source for this assumption is Giovanni Schiaparelli, see Heath (1913: 310 note 4) for the reference. 
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We have argued that lunar dichotomy as a means to measure the ratio of the distance of the Sun to 

the distance of the Moon is practically useless. First, the fundamental idea of the method based on 

the geometrical configuration of the bodies is unsuitable in the very range in which it is applied, 

since the output value becomes extremely sensitive to the input value, producing intolerable errors 

out of tiny inaccuracies. Second, the observational criterion which should determine the 

appropriate moment for the measurement is next to useless in practice because, again, the smallest 

possible errors in detection amount to unacceptable uncertainties. Third, in addition to this 

compounded oversensitivity, the angle measurement itself is affected by several serious problems, 

such as the swift daily rotation of the sky, or the extension and brightness of the target bodies, or 

the significant but complicated effects of daily parallax and atmospheric refraction. Many of these 

difficulties survive well into the modern era, so neither powerful instrumentation (such as the 

telescope or even digital photography) nor precise theories (e.g. of the motion of celestial bodies) 

can improve the method so much as to make it efficient for what it is supposed to achieve. 

Therefore, the problem with lunar dichotomy is not that it is poorly applied or that it is difficult to 

implement in practice but that, as a method of astronomical measurement of the given dimensions, 

it is fundamentally wrong. 

But do we have good reasons to believe that Aristarchus meant lunar dichotomy as a mathematical 

exercise rather than a measurement of the actual dimensions of the cosmos, in accordance with the 

predominant interpretation? Based on the literature, the main arguments for the mathematical 

interpretation are the following: (1) the exposition of the treatise, i.e. the lack of explanation and 

background to the data, in contrast with the scrupulous deductions; (2) the gross inaccuracy of the 

input data, implying their irrelevance,
60

 and (3) the inappropriateness of the method to practically 

establish what it was meant to achieve. 

As to (1), we may object that astronomy was, in this era, regarded as a part of mathematics, and 

                                                 

60
 Additional examples to Neugebauer cited earlier: ―This is, in all likelihood, a convenient value that we should not 

take as an accurate measurement‖ (Helden 1985: 6); ―his own "data‖ are clearly not derived from careful observation. 

It seem [sic] highly probable that he chose them with a view to illustrating his method‖ (North 2008: 92); ―Aristarchus 

emphasizes the tentative nature of the calculation by choosing values for the simple observations that are just 

obviously too pat‖ (Netz 2009: 29). Also: ―Such a set of hypotheses would, of course, be an unmitigated disaster in 

any attempt to arrive at concrete determinations of the actual sizes and distances of the moon and sun. What 

Aristarchus is doing, rather, is exploring the geometry of the problems.‖ (Lloyd 1989: 311) 
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Aristarchus could only follow the conventions of deductive mathematical style. Even if he could 

have had a lot to say about how he obtained his data, he may not have had the means to do it, as 

such a thing was not a legitimate part of the way astronomical topics were written about. For 

comparison, see even Ptolemy‘s Syntaxis being similarly silent on observational methodology. 

With regards to (2), we admit that two of the three numerical data seem notoriously imprecise and 

indeed careless.
61

 However, at least for the lunar elongation, we have seen that Aristarchus could 

not have obtained any better value, no matter how competently and how hard he tried. As the 

result is compatible with the optimal potentials of the method under the circumstances, we have no 

reason to suppose that it was not the outcome of an actual measurement. Thus it is somewhat 

surprising that, while the value used falls perfectly within the range of possible experience, most 

historians tend not to take it as empirically given. 

As opposed to (3), we need to emphasize that the method‘s inherent failure is not immediately 

transparent. On the one hand, it is important to bear in mind that neither the relevant observational 

routine nor a general understanding of the trigonometrical relations existed at Aristarchus‘ time. 

He may have believed that what he obtained was a true representation of the real relations, 

especially if he took his first result at face value instead of making repeated attempts. On the other 

hand, we have seen that the pitfalls of the method are often unrecognized, or misinterpreted, even 

in the modern literature. Most historical recollections are impressed by the appeal of the elegant 

method, and the embarrassing outcome is generally blamed on some practicality. Many accounts 

point out, usually only vaguely, one or two difficulties, and eventually most (but not all) problems 

have been implicated in the body of literature on lunar dichotomy, but no existing work that we 

know of attempts at, or succeeds in, mustering all the principal hardships faced by a performer of 

the lunar dichotomy measurement in antiquity (or later), and we can hardly find any clear and 

                                                 

61
 Hypothesis 5 about the Earth‘s shadow being twice the size of the Moon is significantly wrong since the said factor 

should be more than 2 and a half. According to Neugebauer (1975: 643), ―it is ridiculous to pretend that observations 

show that the moon fits the shadow cone exactly in the way depicted in Fig. 12 and to make this the basis for all 

estimates‖ (i.e. that it fits the shadow exactly twice). Hypothesis 6 is even worse with its value for the Moon‘s 

diameter being 2°, as the actual size is close to 0.5°. Moreover, this claim embarrassingly contradicts the testimony of 

Archimedes who refers to Aristarchus as the discoverer of the real value of the Moon‘s diameter (1/720 of the circle of 

the zodiac, see Heath 1913: 223). 
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precise summary of the fundamental errors inherent in the method and their interplay.
62

  

Thus, according to my understanding, it is not unreasonable to suppose that Aristarchus did 

actually perform the measurement, and the data he provides are the honest result of his 

observation. After all, if he had the means to perform it and obtain realistic parameters, it seems 

curious to assume that he did not at least try. Why not kill two birds with one stone and succeed in 

inventing
63

 ingenious geometrical approaches to numerical approximation as well as performing 

accurate astronomical measurements?
64

 As we could see, the cosmological implications are 

immensely significant. 

The mathematical interpretation fits into a widespread and more general view of Greek technical 

texts (especially those of ‗applied mathematics‘), according to which most mathematical exercises 

involving numerical relations were pursued primarily for the sake of doing mathematics, driven by 

the purely intellectual joy of problem solving.
65

 But there may be a deeper reason for the 

popularity of the treatise, related to a Pythagorean
66

 philosophy of mathematics and nature, 

according to which the lunar dichotomy succeeds in expressing cosmological reality. As Berggren 

                                                 

62
 It is not surprising that the clearest counterexamples are those with a specialist and technical focus, such as Helden 

(1985), Evans (1998), or Berggren and Sidoli (2007). An unexpectedly sensitive, yet incomplete, general summary is 

given by Kuhn (1957). 

63
 We have already noted that Tannery (1883: 241-244) argues that the method had been invented earlier by Eudoxus, 

but his suggestion was not accepted by the subsequent historiographical tradition. For an early rejection see Heath 

(1913: 231-232). 

64
 Not every scholar accepts the mathematical interpretation. Dreyer (1906: 136) seems to be a notable exception when 

he writes: ―Although this result is exceedingly erroneous, we see at any rate that Aristarchus was more than a mere 

speculative philosopher, but that he must have been as observer as well as a mathematician.‖ However, let us note that 

a similar statement in itself does not imply the rejection of the dominant view. For instance, Evans (1998: 71) claims 

that ―[w]hile earlier philosophers had speculated about the sizes of the Sun and Moon, Aristarchus showed that they 

could be measured‖, but then he adds: ―method was still considered more important than the actual numbers‖, later 

followed by the conclusion that ―hypothesis 4 was probably not the result of any measurement at all‖, it was rather 

―conjectural value‖. Similarly, Carman (2014: 55) states that ―Aristarchus‘s treatise constitutes the earliest surviving 

example of a work of empirical sciences applying mathematical method‖, but then he proposes to show that the data 

are actually non-empirical as they result from theoretical considerations. 

65
 The l’art pour l’art nature of Greek mathematics is eloquently illustrated by Netz (2009), with one of its most 

frequently cited sources being Aristarchus‘ text. 

66
 Perhaps it is worth mentioning that Aristarchus was native to the same island, Samos, as Pythagoras had been. 
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and Sidoli (2007: 213) propose, the work ―implies, unequivocally, that the world is mathematical; 

not just in a vague qualitative way, but in a precise quantitative way. It demonstrates that by 

starting from a few simple and readily obtainable statements one can, through the methods of 

mathematics, produce new knowledge of things that would otherwise be beyond our grasp.‖ 

Regardless of our assessment of the applicability of the method to this particular situation, the 

basic idea reveals a genuine aspect of the geometrical structure of the universe. It also suggests 

that the world is knowable through mathematics, a field of knowledge with the power of inevitable 

certainty. And this makes the lunar dichotomy especially interesting for us: in hindsight, this is 

precisely what we expect to find when looking for past instances of what we know as science. 
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